The polytropic equation of state of an atomic hydrogen gas is examined for primordial halos with baryonic masses of M h ∼ 10 7 − 10 9 M ⊙ . For roughly isothermal collapse around 10 4 K, it is found that line trapping of Lyman α photons causes the polytropic exponent to stiffen to values significantly above unity. Subsequently, fragmentation is inhibited and a black hole of ∼ 0.02 − 0.003M h is likely to form at the center of a halo when the free-fall time is less than the time needed for a resonantly scattered Lyman α photon to escape from the halo. The black hole to baryon mass fraction is suggestively close to what is required for these intermediate mass black holes, of mass M BH ∼ 10 4 − 10 6 M ⊙ , to act as seeds for forming the supermassive black holes of mass ∼ 0.001M spheroid found in galaxies today.
Introduction
A fundamental issue in the study of galaxy evolution is the formation of the central (supermassive) black hole. Accretion onto these black holes provides the energy source for active galactic nuclei, which in turn impact the evolution of galaxies (Silk 2005) . Earlier attempts at providing seeds for galactic black holes include dynamical friction and collision processes in dense young stellar clusters (Portegies Zwart et al. 2004 ) and formation from low angular momentum material in primordial disks (Koushiappas, Bullock & Dekel 2004) .
In this work, we consider the impact of the polytropic equation of state (EOS) of a metalfree, atomic hydrogen gas on the expected collapse of matter inside massive halos. The impact of a Solar metallicity polytropic EOS on the expected masses of stars in local galaxies has been investigated by Li, Mac Low & Klessen (2003) . The influence of molecular hydrogen and metal-poor environments has received detailed interest from, e.g., Abel, Bryan & Norman (2002 ; Bromm, Coppi & Larson (2002) for the formation of the first stars and from Scalo & Biswas (2002) and Spaans & Silk (2005) for the properties of the polytropic equation of state. From the work of Li et al. (2003) it has become clear that a polytropic EOS of state, P ∝ ρ γ with ρ the mass density and γ the polytropic exponent, strongly suppresses fragmentation of interstellar gas clouds if γ > 1.
Model Description
We assume a metal-free hydrogen gas that is cooled by Lyman α emission as it collapses inside a dark matter halo and radiates away about twice its binding energy (Haiman, Spaans & Quataert 2000) . Note that Lyman α cooling is expected to dominate over radial contraction factors of at least 15-60 as long as the metallicity is less than 0.1 of Solar (Haiman et al. 2000) . We further employ a polytropic EOS and a perfect gas law, P ∝ ρT , for the gas temperature T , and write γ as
This last step is justified (Scalo & Biswas 2002) as long as the heating and cooling terms in the fluid energy equation can adjust to balance each other on a time-scale shorter than the time-scale of the gas dynamics (i.e., local thermal equilibrium). Below we compute the polytropic EOS for the case that the cooling time is shorter than the free-fall time and for the case that the photon propagation time exceeds the dynamical time.
It should be noted that because γ depends on the (logarithmic) derivative of the temperature with respect to density, it implicitly depends on radiative transfer effects and changes in chemical composition through derivatives of the heating and cooling functions (Spaans & Silk 2000) . The Lyman α radiative transfer techniques as described in Haiman & Spaans (1999) and Dijkstra et al. (2006) are used to compute the transfer of Lyman α photons.
We consider spherical dark matter halos that have decoupled from the Hubble flow and are characterized by a mean density of ρ ≈ 200ρ b (1 + z) 3 at z = 10 − 20, for a baryonic number density ρ b /m H = 3 × 10 −7 cm −3 today, hydrogen mass m H , total halo masses of M h = 10 7 − 10 9 M ⊙ and a characteristic size scale of L = (3M h /4πρ) 1/3 . This yields, over z = 10 − 20, a typical mean density and column of n 0 = 0.06(1 + z/10) 3 cm −3
and N 0 = 10
, respectively. We further assume that matter inside the halo remains at approximately 10 4 K during its collapse so that an isothermal density profile, n ∝ n 0 (L/r) 2 , is applicable for every radius r. Therefore, the column a Lyman α photon has to traverse from a radius r to L scales as L r ndr ∼ L/r − 1 with a mass inside of r of M (r) ∼ r.
In the absence of any ionizing sources, heating is provided by gravitational compression, Γ ∝ n 1.5 . The velocity dispersion of the gas is thermal and equal to ∆V = 12.9T 4 km/s, with T 4 in units of 10 4 K. The natural to thermal line width of the Lyman α line is denoted by a and equal to a = 4.7 × 10
Results

Static Case
With cooling provided by Lyman α emission only, the thermal equilibrium of the baryonic matter in the halo approximately (Spitzer 1978; Haiman et al. 2000) follows, for r ′ in units of L,
with
′ , electron density n e , atomic hydrogen density n H , Lyman α escape fraction ǫ and free-fall time
It is assumed here that the cooling time at the peak of the cooling curve is t c = 3/2nkT vir /n 2 Λ, with Boltzmann's constant k, the halo's virial temperature T vir and Λ ≈ 2 × 10 −22 erg s −1 cm 3 . Depending on the ambient conditions, the medium cools somewhere around the peak of the cooling curve at 10 4.1 K.
The escape fraction ǫ of Lyman α photons from a sphere diminishes from unity when collisional de-excitation above a critical HI column density N c becomes important (Neufeld 1990 ). This column N c depends on the ambient temperature and ionization balance through the probability for collisional de-excitation p 0 = qpnp+qene A21
, with proton density n p , collisional de-excitation rate coefficients q p and q e , and the Einstein A coefficient A 21 connecting the 2p and 2s states. In this, the ambient proton density is assumed to be lower than about 10 4 cm −3 so that the created 2s hydrogen atoms undergo two-quantum decay to the ground state. It follows that N c ranges between 10 21 and 10 23 cm −2 for y = n p T −0.17 4 between 10 2 and 10 4 cm −3 , respectively (Dijkstra et al. 2006) . These values for N c are a factor of a few larger than the corresponding values for a slab (Neufeld 1990) , since resonantly scattered photons escape more easily from a sphere than from a slab for the same surface-to-center optical depth.
Furthermore, following the Monte Carlo radiative transfer techniques in Dijkstra et al. (2006) and Haiman & Spaans (1999) , and for a HI column N H , we find that ǫ ≈ N c N −1.0 H , for N H = 2N c − 100N c and for spherical clouds. In deriving this fit to the numerical results, we have made sure that the line profile is sampled far enough into the wings to accurately determine ǫ and N c . When applied to a slab, rather than a sphere (see the analytical solution in the appendix of Dijkstra et al. (2006) , our method yields results that agree well with those of Neufeld (1990, his figure 18 ).
For the resonantly scattered line that Lyman α constitutes it follows, for a line center optical depth τ 0 , mean line opacity α s and profile function φ(x) in normalized frequency units x, that an escaping photon, which scatters N times, experiences a frequency shift x s ∼ N 1/2 and travels a distance N 1/2 /(α s φ(x s )) that is equal to the size of the medium τ 0 /α s . Hence,
1/3 is required for a photon to escape, where the optical depth is given by τ 0 = 1.04 × 10
. Typically, we have that τ 0 > 10 7 . Thus, for a given density, and in the limit that t f f >> t ph with N H > N c , an increase in column leads to a proportional decrease in the spherical escape probability 1 − e −aτ0 /aτ 0 ≈ 1/aτ 0 and the chance that a scattering hydrogen atom will not suffer collisional de-excitation effects.
Obviously then, Equation (1) has a weak dependence of γ on density for modest columns due to the exponential temperature dependence and the N −1.0 H ∝ n −2/3 0 scaling of ǫ in the static case and for fixed mass M h . Under collisional ionization equilibrium, one finds from solving equations (2) for T (n) that
for densities larger than 10 2 cm −3 , N H > 10 21−23 cm −2 or r ≤ r stat = 1.0 − 0.01L for all halos over z = 10 − 20, and where C ∼ 10 −36 M h /10 7 M ⊙ cm 3/2 . Hence, as to be expected, the stiffening of the polytropic EOS is always modest when the exponential temperature dependence of the Lyman α cooling rate acts unchecked.
Dynamic Case
For the halos considered here, t c < t f f by a factor of a few. However, if the random walk that a Lyman α photon performs takes a time t ph that is comparable to or longer than the dynamical time on which the halo evolves, cooling is effectively shutdown. Photons can then only escape through parts of the line wings that have modest optical depths, while the Lyman α emission becomes zero around line center.
One can show that
with t = t ph , as more and more photons get trapped in the line core for times exceeding the dynamical time. The multiplier β > 1 incorporates details of the gravitational collapse of gas shells (e.g. geometry, kinematics) and does not impact our results as long as it does not (or only weakly) depend on density.
That is, the decrease in the number of escaping/cooling Lyman α photons is approximately proportional to the total number of photons somewhere in the line multiplied by the average time a given photon spends in the medium per unit of free-fall time: Gravitational collapse scales with t f f ∝ n −1/2 ∝ r and the number of already collapsing shells a photon would have to traverse thus increases linearly in space and time, i.e., −dǫ ∼ ǫdt/t f f . It is implicitly assumed here that the scattering broadened line width, typically larger than 200 km/s (Dijkstra et al. 2006) , exceeds any systematic velocity shifts, which is a good approximation for large optical depths. Hence, in Equation (2a) the factor ǫ is now competitive with the temperature dependence of Lyman α cooling because it picks up an exponential function of density.
Typically, one has t f f ∼ 4.1 × 10 15 /n 1/2 0 s and t ph ∼ 2 × 10 14 /n 1/9 0 (M h /10 9 M ⊙ ) 1/3 s for the adopted halo characteristics. Note in this the weak and negative dependence of t ph on density. This is a consequence of the random walk in both coordinate and frequency space that the Lyman α photon performs, yielding a weak τ 1/3 0 ∼ n 2/9 0 dependence for t ph , while the size of the halo scales as n −1/3 0 for a fixed mass M h . The expression for the local thermal balance, Equation (1) above, formally does not change, although all quantities pick up a time dependence, as long as local thermal balance holds. This is still true for t ph ≥ t f f and T ∼ 10 4 K, given that the time needed to thermalize through collisons scales as 1/n and the free-fall (heating) time as 1/n 1/2 .
Similar considerations apply to the ionization balance of hydrogen, but the presence of shocks would require a more careful treatment. The velocity gradients that exist maximally have a magnitude of δv ∼ r/t f f (r) ∼ 10 2 km/s,
smaller than the scattering broadened line width, and are independent of r if an isothermal density distribution pertains. One can determine γ straightforwardly for t ∼ t f f and a fixed mass M h . One finds that
where it should be noted that t ph /t f f ∝ n 7/18 , that B ≈ 0.05 − 0.01 cm 7/6 for M h = 10 9 − 10 7 M ⊙ (so Cn 1/2 << Bn 7/18 ), and that equation (6) reduces to (5) for Bn 7/18 << 1. Also, the 7/18 dependence on density renders our results relatively insensitive to subtleties in the Lyman α radiative transfer.
Evaluation of Equation (6) yields γ −1 ∼ 0.01− 0.4 for densities of 10 − 10 5 cm −3 . One finds, for the 10 9 M ⊙ halo at z = 20 and for the appropriate (column) density scaling with r, e.g., τ 0 ∼ r −1 and n ∼ r −2 , that t f f ≥ t ph and γ ≥ 1.1 for r ≤ r dyn = 0.02L. This implies enclosed masses, M ∼ r, of about 0.02 − 0.003M h for the adopted isothermal profile and halo masses. The adiabatic value γ = 4/3 is achieved for r ≤ r dyn = 0.001L and a 10 9 M ⊙ halo at z = 20.
Discussion and Future Work
We have assumed that the gas remains close to, but not exactly at, T = 10 4 K as far as its density profile is concerned. This is reasonable given the sharpness of the Lyman α cooling function. A value γ > 1 implies of course that the temperature rises with increasing density, but Lyman α cooling will dominate the local thermal balance for temperatures T < 5 × 10 4 K 1 , which implies a density increase of about a factor of 10 4 for the values of γ derived above. Also, the Jeans mass for a 0.1 cm −3 halo is about M J ∼ 3 × 10 7 M ⊙ at 10 4 K. Over the Lyman α cooling regime, M J decreases only by a factor of about 8. That is, a 0.02 − 0.003M h core will likely not experience significant fragmentation during gravitational collapse up to densities of ∼ n(r c ) ≈ 10 5 cm −3 at z = 10 − 20, after which fragmentation is halted adiabatically. Also, the rise in γ is moderate enough to justify our use of an isothermal density profile. Finally, the frequency shift that a Lyman α photon experiences before escape scales approximately as ν shift ∼ T 1/6 (Dijkstra et al. 2006) . Hence, fluctuations in temperature do not strongly influence our results in this respect either.
Hence, allowing for some expected inefficiency, we infer that of order 0.1% of the baryon mass forms a pregalactic black hole of mass M BH ∼ 10 4 − 10 6 M ⊙ . These so-called intermediate mass black holes (IMBH) are plausible seeds for generating the supermassive, ∼ 0.001M spheroid , black holes found in galaxy cores today (c.f. Häring & Rix 2004 ) by gas accretion (Islam, Taylor & Silk 2003) . The inferred presence of pregalactic IMBH and their associated accretion luminosity has been a source of intense speculation with regard to a mechanism for the reionization of the universe (e.g., Madau et al. 2004) . Our results place these speculations on a sounder footing. Moreover, isolated IMBH should exist in galactic halos at a similar mass fraction according to simple models for generating the Magorrian correlation between central black hole mass and spheroid velocity dispersion (Islam, Taylor & Silk 2004; Volonteri, Haardt & Madau 2003 ) and possibly be detectable as gamma-ray sources (Zhao & Silk 2005) .
Still, there are a number of other issues that should be addressed in the future.
1) The stiffening of the polytropic equation of state found in this work depends crucially on the absence of any H 2 molecules. At 10 4 K, this is to be expected, but the formation of the black hole will introduce a quasar whose powerlaw spectral energy distribution can boost the formation of H 2 through the H − route. Hence, for redshifts below ∼ 300, where H − is no longer destroyed by the CMB, black hole formation as discussed here will facilitate the formation of H 2 and impact the EOS of the gas surrounding the black hole (Scalo & Biswas 2002) .
2) Trace amounts of dust as little as 10 −4 of Solar are sufficient to absorb all Lyman α photons in a homogeneous halo for the columns considered in this work (Neufeld 1990) . Hence, the stiffening of the EOS that we have found disappears once the first metals have been produced because dust emission is optically thin. Also, metals are efficient coolants and, if present, would take over the cooling for radial contraction factors larger than 60 (Haiman & Spaans 1999) . Inhomogeneity suppresses dust absorption, but facilitates the escape of Lyman α photons by boosting ǫ (Haiman & Spaans 1999) .
3) We would expect that dwarf spheroidals should have central black holes in the range of 10 4 −10 6 M ⊙ , whereas irregulars, and in particular late-forming dwarfs, should not have such central IMBH.
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